In this paper, a detailed study of the dynamics of the behavior of two electrons in two dimensions is carried out. Over the years, the Hubbard model has been heavily used as one of the standard models for the study of strongly correlated electron systems. Despite this, the mechanism of interaction of these electrons in two-dimensional systems is yet to be properly understood.
INTRODUCTION
There is a need to understand the anti-ferromagnetic properties in the Hubbard model of strongly correlated electron systems. In the Hubbard model and related models, one important parameter is the filling. Much work has been devoted to the high density case of near half filling since it is believed to be relevant for high temperature superconductivity (Lieb, 1995) , but the low filling regime is also of interest; for example, it plays an important role in theoretical studies of the breakdown of the Fermi liquid theory in two dimensions. This work is limited to the case of two electrons in two-dimensional lattices specifically 3x3 and 5x5 square lattices. This is because a proper understanding of the procedure for obtaining the ground state energy and wave functions will lay a good foundation for the calculation of other low energy ground state properties of the interaction of higher number of electrons.
Having made a choice of which model to work with, the method or technique to study this model effectively becomes another challenge. If this is not properly chosen, it limits the extent of the work and the accuracy of results obtained. To check this, great effort was made in the review work of Dagotto (1994) to present several techniques that has been applied in the extensive study of highly correlated electron systems using the Hubbard model. One of the problems encountered was that there were no well controlled analytical techniques to analyze them in two dimensions. According to Dagotto's review paper, two methods were found to be self consistent; these were the mean free theories and the variation approximations, but there were no standard ways to judge if they actually describe the properties of the ground state or if they converge to excited states. Of these aforementioned techniques, the exact method provide the exact solution, however, because of the exponential growth of the Hilbert space with the lattice size, exact calculation becomes inadequate to handle relatively large clusters. Even if some extrapolations were done, small size systems are inadequate in describing the phase transition region in the macroscopic limit. This fueled the need to look for an adequate approximation method that can produce near accurate results.
It is in the light of this that a simple modification of the Lanczos algorithm was developed to extract the desired information from the system operated on by the Hamiltonian. Hence for this research paper, a simplified modification of the Lanczos technique is employed. The method developed in this work reveals a clear cut analytical formula for obtaining the improved ground state energy and wave function by every step of iteration taken. Values can be inputted manually into the formula and results obtained without heavy numerical involvement.
In the modified Lanczos technique presented by Dagotto, two higher powers of <H> that is <H 2 > and <H 3 > must be obtained before the iteration to obtain the next improved ground state energy and wave function can be obtained. However in the method presented here, just one power of <H>, that is <H 2 > is needed for the next iteration to be carried out. Result obtained from the iterations shows that there is easy access to obtaining some of the dynamical ground state properties like the correlation functions. Hence the aim of this research is to investigate to a high level of accuracy, the low energy properties like the ground state energies and wave functions of the various electron interactions in the strongly correlated electron system at u = 0, in the large (u>0) and small (u<0) limit.
Generally, the plan of this work is as follows, in section 1, the simplified modification of the Lanczos technique is developed. Furthermore, the method is applied to finite sized lattices in two dimensions for two electrons. The results obtained from the applications done in section I is presented in section II using tables. Interpretation and discussion of these results is carried out in section III. Comparison is also made with previous results obtained using other techniques. In section IV the study is concluded.
METHODOLOGY
In recent years, the Hubbard model has received increasing attention for its relevance for high-T c superconductivity, quantum anti-ferromagnetism, and ferromagnetism, thus playing a central role in theoretical investigation of strongly correlated systems (Domanski et al., 1996) . In its simplest form, the single-band Hubbard model (Hubbard, 1963; Kampf and Schrieffer, 1990; Fano and Ortolani, 1994) reads:
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Where σ σ j i C C + and n iσ are the creation (annihilation) and number operators respectively, for an electron of spin σ in the Wannier state on the ith lattice site. j i, means that only nearest -neighbor site hopping is allowed.
H.C. is the Hermitian conjugate and its presence ensures that the dynamical quantities are real. t and u are respectively the hopping and on-site interaction weighting factor. The u term in the Hamiltonian accounts for the dominant part of the Coulomb repulsion.
In this section an attempt is made at describing the method adopted and the reasons for adopting it. The study of strongly correlated electron system is quite a challenge. This is because there are no well controlled analytical techniques to analyze their properties when the Hilbert space increases. The basic results obtained rely heavily on numerical techniques and simulations. The method presented here has been so modified that the improved ground state energy and wave function can be seen at a glance in the 2x2 step iteration. The Lanczos algorithm can be viewed as a simplified Arnoldi's algorithm in that it applies to Hermitian matrices. It transforms the original matrix into a tri-diagonal matrix, which is real and symmetric. The basic idea is that a special basis can be constructed where the Hamiltonian has a tri-diagonal representation (Lanczos, 1950; Pettifor and Weaire, 1985; Gulácsi and Kampf, 2008) .
As in the standard Lanczos technique, and the modified Lanczos method (Dagotto and Moreo, 1985; Gagliano et al., 1986) , this method requires the selection of an initial trial vector n φ (normalized to one) where n takes values from 0,1,2,3 and so on. If H acts on n φ the result can be written as
Where n φ is a new state orthogonal to n φ . Since n φ is normalized, eqn. (8) becomes
The constant 1/b n ensures that n φ is normalized. 
So that Also, it can easily be shown that
∈ then in the basis n φ and n φ , a 2x2 matrix representation of H is given by
This 2x2 matrix can easily be diagonalized. Its lowest eigenvalue 
Application of the Method to a System of Two Electrons on a 3 X 3 Square Lattice
In this section, the method will be applied to two electrons interacting on a 3 X 3 square lattice. The numbers of anti-ferromagnetic states are 81. Applying the linear combination of states, our new basis states will be T and S R , Where the new basis state R accounts for nine old basis states, S accounts for 36 old basis states and T accounts for 36 old basis states. When the Hubbard Hamiltonian as given in Equation (1), acts on this state, it can be shown that the following will be obtained;
Choosing our initial trial vector after normalization to be
The first iteration can be carried out 
Application of the Method to a System of Two Electrons on a 5 X 5 Square Lattice
In this section, the method will be applied to a system of two electrons interacting on a 5 x 5 square lattice. 
Presentation of Results
The last column in Tables I and II shows the ground state energies and wave functions for two electrons on a 3 x 3 square lattice respectively. The wave function is presented using the new basis states and this adequately covers all the orthogonal states. The numerical values in the column for the 7th iteration in Table II represent the weights attached to the ground state wave function. It is noted that in the strong coupling regime when u/t is positive, the energy is higher than the energy of the weak coupling regime of negative u/t. The last column in Tables III and IV also shows the ground state energies and wave functions for two electrons on a 5 x 5 square lattice respectively. The wave function is presented using the new basis states and this adequately covers all the orthogonal states. The numerical values in the column for the 13th iteration in Table IV represent the weights attached to the ground state wave function. It is noted that in the strong coupling regime when u/t is positive, the energy is higher than the energy of the weak coupling regime of negative u/t. Table I : Ground state energy (E/t) for two electrons on a 3 x 3 square lattice as a function u/t (at t=1). Table II 2170 -7.1677 -7.8090 -7.8802 -7.8870 -7.8873 3.00 -2.7720 -7.2146 -7.8441 -7.9114 -7.9175 -7.9178 1. 00 -3.5311 -7.2760 -7.8890 -7.9582 -7.9647 -7.9650 0.00 -4. 0000 -7.3208 -7.9193 -7.9919 -7.9992 -7.9996 -1.00 -4.5311 -7.3879 -7.9599 -8.0374 -8.0460 -8.0466 -3.00 -5.7720 -7.6706 -8.1159 -8.1979 -8.2106 -8.2116 -5.00 -7.2170 -8.3215 -8.5490 -8.5992 -8.6093 -8.6103 
DISCUSSION OF RESULTS
The results presented in the tables above for the ground state energy and the ground state wave function was obtained using Eqns. (8) and (9) respectively. From results presented, both on-site and inter-site cases with respect to separation distances were carefully considered and there are strong evidences of eigen functions corresponding to non-zero eigen values that are u -independent. The presence of such eigen state is important for the following reasons. First of all, several authors observed (Galan and Verges 1991, Metzner and Vollhardt 1989 ) that weak coupling expansions often provide a good approximation for the Hubbard model at intermediate coupling. A possible explication for this is the emergence of a huge number of eigen states in the spectrum of the Hubbard model with non-zero interaction, which are present in the non-interacting case as well in the spectrum of the model. A second aspect which must be mentioned here is that the eigen states related to zero eigen value are in fact many-body eigen states of the kinetic energy term with no double occupancy. Such states apparently totally avoid double occupancy at no cost of energy, consequently are important in the study of the pairing mechanism in the Hubbard model (Cini et al., 2001; Cini and Stefanucci, 2001; Perfetto and Cini, 2004) , and as seen from the presented results, easily emerge in the spectrum.
At this point, we underline that contrary to the practice used in the theoretical studies up to this moment (Balzarotti et al., 2004) , double occupancy avoiding eigen states emerge not only at zero energy, but also at much lower energy values, closely situated to the ground state energy. We exemplify this statement by the eigen state close to zero and zero interaction strength corresponding to energy −8 (in t units). These eigen states being u independent, their energy remain unchanged if the strength of the on-site interaction is increased, while the ground-state energy increases if u is increased. Consequently, starting from these states, the contribution in the pairing mechanism of the kinetic energy eigen states not containing double occupancy could be much more efficiently taken into account than considered up to today.
CONCLUSION
In this paper a modification of the standard Lanczos technique has been analyzed for two electrons on twodimensional lattices and the results obtained compare well with previously obtained using other techniques. This approach has been successfully applied to one-dimensional lattice. Regarding the specific physical problem analyzed in this paper, that is the ground state energy of 3x3 and 5x5 lattices, it can be safely concluded that there is no evidence of an anomalous behavior in the iterations.
